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Abstract: This paper proposes a hierarchical adaptive optimal control framework for wave
energy converters (WECs) to improve their energy conversion eﬃciency and reduce the required
modeling eﬀort to facilitate the control design. Since the WEC dynamics vary signiﬁcantly at
various operation scenarios with diﬀerent sea states, an eﬃcient adaptive parameter estimation
(APE) algorithm is employed to online update several critical WEC model parameters (e.g. the
radiation force and excitation force generation coeﬃcients). Based on the updated model, the
predesigned non-causal optimal controller can maintain its eﬃcacy. Thus the proposed method
combines the strength of optimal control for generating maximum energy output and APE
in coping with model parameter variations. Simulation results demonstrate that the proposed
optimal control with APE can cope with the model mismatch and variations eﬀectively.
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1. INTRODUCTION
Ocean waves provide vast, persistent and spatially con-
centrated energy compared with other renewable energy
resources, e.g. solar and wind energies (Glendenning, 1977;
Cle´ment and et al, 2002). However, current wave tech-
nology is still immature for commercial use because the
low energy extraction rate and the high risk of device
damage can cause much higher unit cost of generated
electricity than fossil fuels and even other relatively mature
renewable energies (Bull and Ochs, 2013).
Apart from mechanical designs, controller design also plays
an important role in improving the energy conversion
rate and retaining safe operation of WECs. Some control
strategies have been speciﬁcally developed for the WEC
control problem, such as latching control (Babarit and
Cle´ment, 2006; Korde, 2002), phase control (Budal et al.,
1981), and declutching control (Babarit et al., 2009). The
optimal control of WECs is essentially diﬀerent from the
conventional optimal control problems (Zhan et al., 2016),
(Falnes, 2002). Conventional optimal control strategies
cannot be directly used for the WEC control since a WEC
is subject to the persistent wave excitations (excitation
force from incoming waves) and as a result there are
no equilibria or ﬁxed references for tracking. Recently,
some optimal control strategies for the WEC control
problem have been developed, e.g. a non-standard linear
quadratic Gaussian (LQG) control (Scruggs et al., 2013),
the noncausal control (Nielsen et al., 2013), and model
predictive control (MPC) (Li et al., 2012).
However, the above optimal control strategies for the
WEC control problem are mainly developed for a typical
sea state. The dynamic model of a WEC can change
signiﬁcantly in diﬀerent sea states due to the frequency
dependent terms for calculating the radiation force and ex-
citation force. A comprehensive model which can represent
the dynamics for a range of sea states can cause compu-
tational issues for the controller design and the real-time
implementation. Motivated by this fact, we propose to use
a simpliﬁed WEC model whose dynamic parameters can
be adaptively identiﬁed online. Based on this time-varying
model, an optimal controller will be updated online to
maintain satisfactory control performance over a range
of sea states, while not causing signiﬁcant computational
load.
This paper will propose an online adaptive parameter
estimation (APE) approach to estimate the damping terms
associated with the radiation force and the wave excitation
force and then incorporates it into an optimal controller.
Although many algorithms have been proposed for APE,
e.g. gradient and least squares, they are not suitable for
WEC systems since the modeling uncertainties of WECs
are varying. The APE for time-varying parameters is
still a challenging topic in the ﬁled (Ding et al., 2016),
(Samandeep Dahliwal, 2014), (Na et al., 2015b). In our
latest work (Na et al., 2015a), a novel APE framework
has been proposed, where the adaptive law is driven by
the parameter estimation error to achieve exponential or
even ﬁnite-time error convergence. Hence, the contribution
of this paper is to further tailor this new APE approach
(Na et al., 2015a) to estimate time-varying parameters
in the WEC systems, and then validate its eﬃcacy when
the estimated parameters are incorporated into a recently
proposed linear noncausal optimal control (Zhan and Li,
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Figure 1. Schematic diagram of the point absorber
2018). Numerical simulations based on a typical WEC,
called point absorber, are used to demonstrate the eﬃcacy
of the proposed APE and optimal control. In the simula-
tions, the model used for the control design and parameter
estimation are based on a typical second-order model and
the WEC plant model is based on a high order model to
demonstrate the robustness of the controller. Simulation
results illustrates that the use of the estimated parameters
in the optimal control can increase the energy output.
2. MODELLING OF WEC SYSTEM
A point absorber type of WEC to be studied in this
paper has a ﬂoat with a constant radius cylinder on the
sea surface. Wave energy can be captured using diﬀerent
power take-oﬀ (PTO) mechanisms. Fig. 1 shows part of
the potential hydraulic PTO design: a hydraulic cylinder
is vertically installed below the ﬂoat and is ﬁxed to the
bottom of the seabed. zw and zv are the water level
and the heave displacement of the mid-point of the ﬂoat
respectively. The generator’s torque is proportional to the
force fu acting on the piston inside the cylinder. The
extracted power is P = −fuv, where the velocity on the
piston is v = z˙v.
The dynamic equation for the ﬂoat of a point absorber can
be established using Newton’s second law (Yu and Falnes,
1995)
msz¨v = −fs − fr + fe + fu (1)
where ms is the ﬂoat mass, zv is the heave motion of the
ﬂoat.
The restoring force fs is given by
fs = kszv (2)
where the hydrostatic stiﬀness coeﬃcient is ks = ρgs, and
ρ is the water density, g is the standard gravity, and s as
the cross-sectional area of the ﬂoat.
The radiation force fr can be determined by
fr = m∞z¨v +
∫ ∞
−∞
hr(τ)z˙v(t− τ)dτ (3)
where m∞ is the added mass; hr is the kernel of the ra-
diation force that can be computed via hydraulic software
packages (e.g. WAMIT). The convolutional term in (3)
fR :=
∫∞
−∞ hr(τ)z˙v(t − τ)dτ can be approximated by a
causal ﬁnite dimensional state-space model fr = Dr(s)z˙v,
whose realization is given by
x˙r = Arxr +Br z˙v (4a)
fr = Crxr ≈
∫ t
−∞
hr(τ)z˙v(t− τ)dτ (4b)
where Dr(s) ∼ (Ar, Br Cr, 0) and xr ∈ Rnr are the state-
space realization and the state respectively.
Following Yu and Falnes (1995), the wave excitation force
fe can be determined by
fe =
∫ ∞
−∞
he(τ)zw(t− τ)dτ (5)
where he is the kernel of the radiation force and the state-
space approximation is given by fe = De(s)zw, whose
realization is given by
x˙e = Aexe +Bezw (6a)
fe = Cexe ≈
∫ t
−∞
he(τ)zw(t− τ)dτ (6b)
where De(s) ∼ (Ae, Be Ce, 0) and xe ∈ Rne are the state-
space realization and the state respectively.
It is worth noticing that in this paper, to show the eﬃcacy
of this hierarchy adaptive optimal control, we intention-
ally create model mismatch by using static radiation and
excitation coeﬃcients Dr and De to approximate the dy-
namic coeﬃcients (4) and (6) for demonstration purpose.
This simpliﬁcation also helps to reduce the computational
burden of the controller to be developed. However, the
proposed adaptive estimation and optimal control method
proposed in this paper can be applied to higher order
modeling without loss of generality.
By using the static radiation and excitation coeﬃcients
Dr and De, the state-space model of a WEC for APE and
optimal control design can be expressed by{
x˙ = Acx+Bucu+Bwcw
z = Czx
(7)
where w := zw, z := z˙v, y := z˙v, x := [zv, z˙v] and
Ac =
[
0 1
−ks
m
−Dr(δr)
m
]
Bwc =
[
0
De(δe)
m
]
Buc =
[
0
1
m
]
Cz = [0 1]
(8)
with m := ma + m∞. It is noted that structured para-
metric uncertainties δr and δe are present in radiation and
excitation coeﬃcients, respectively.
In the literature, by approximating the convolutional
terms for calculating the radiation force (4) and excitation
force (6) in state-space form, a higher order state-space
model of the WEC system can be derived and used in the
control design (Zhan and Li, 2018; Yu and Falnes, 1995).
However, the growth of dimension in the model can lead
to explosion of optimal control computational burden.
In this paper, to avoid the problem that comes from the
model inaccuracy and sea wave variation, we present a
hierarchical control algorithm for WECs where an APE is
incorporated into the optimal control implementation. On
the top layer, a recently proposed novel APE method (Na
et al., 2015a) will be extended to estimate the time-varying
coeﬃcients of the radiation force and excitation force.
With the real-time (online) estimation of the radiation and
excitation force coeﬃcients (e.g. δr and δe), on the lower
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Figure 1. Schematic diagram of the point absorber
2018). Numerical simulations based on a typical WEC,
called point absorber, are used to demonstrate the eﬃcacy
of the proposed APE and optimal control. In the simula-
tions, the model used for the control design and parameter
estimation are based on a typical second-order model and
the WEC plant model is based on a high order model to
demonstrate the robustness of the controller. Simulation
results illustrates that the use of the estimated parameters
in the optimal control can increase the energy output.
2. MODELLING OF WEC SYSTEM
A point absorber type of WEC to be studied in this
paper has a ﬂoat with a constant radius cylinder on the
sea surface. Wave energy can be captured using diﬀerent
power take-oﬀ (PTO) mechanisms. Fig. 1 shows part of
the potential hydraulic PTO design: a hydraulic cylinder
is vertically installed below the ﬂoat and is ﬁxed to the
bottom of the seabed. zw and zv are the water level
and the heave displacement of the mid-point of the ﬂoat
respectively. The generator’s torque is proportional to the
force fu acting on the piston inside the cylinder. The
extracted power is P = −fuv, where the velocity on the
piston is v = z˙v.
The dynamic equation for the ﬂoat of a point absorber can
be established using Newton’s second law (Yu and Falnes,
1995)
msz¨v = −fs − fr + fe + fu (1)
where ms is the ﬂoat mass, zv is the heave motion of the
ﬂoat.
The restoring force fs is given by
fs = kszv (2)
where the hydrostatic stiﬀness coeﬃcient is ks = ρgs, and
ρ is the water density, g is the standard gravity, and s as
the cross-sectional area of the ﬂoat.
The radiation force fr can be determined by
fr = m∞z¨v +
∫ ∞
−∞
hr(τ)z˙v(t− τ)dτ (3)
where m∞ is the added mass; hr is the kernel of the ra-
diation force that can be computed via hydraulic software
packages (e.g. WAMIT). The convolutional term in (3)
fR :=
∫∞
−∞ hr(τ)z˙v(t − τ)dτ can be approximated by a
causal ﬁnite dimensional state-space model fr = Dr(s)z˙v,
whose realization is given by
x˙r = Arxr +Br z˙v (4a)
fr = Crxr ≈
∫ t
−∞
hr(τ)z˙v(t− τ)dτ (4b)
where Dr(s) ∼ (Ar, Br Cr, 0) and xr ∈ Rnr are the state-
space realization and the state respectively.
Following Yu and Falnes (1995), the wave excitation force
fe can be determined by
fe =
∫ ∞
−∞
he(τ)zw(t− τ)dτ (5)
where he is the kernel of the radiation force and the state-
space approximation is given by fe = De(s)zw, whose
realization is given by
x˙e = Aexe +Bezw (6a)
fe = Cexe ≈
∫ t
−∞
he(τ)zw(t− τ)dτ (6b)
where De(s) ∼ (Ae, Be Ce, 0) and xe ∈ Rne are the state-
space realization and the state respectively.
It is worth noticing that in this paper, to show the eﬃcacy
of this hierarchy adaptive optimal control, we intention-
ally create model mismatch by using static radiation and
excitation coeﬃcients Dr and De to approximate the dy-
namic coeﬃcients (4) and (6) for demonstration purpose.
This simpliﬁcation also helps to reduce the computational
burden of the controller to be developed. However, the
proposed adaptive estimation and optimal control method
proposed in this paper can be applied to higher order
modeling without loss of generality.
By using the static radiation and excitation coeﬃcients
Dr and De, the state-space model of a WEC for APE and
optimal control design can be expressed by{
x˙ = Acx+Bucu+Bwcw
z = Czx
(7)
where w := zw, z := z˙v, y := z˙v, x := [zv, z˙v] and
Ac =
[
0 1
−ks
m
−Dr(δr)
m
]
Bwc =
[
0
De(δe)
m
]
Buc =
[
0
1
m
]
Cz = [0 1]
(8)
with m := ma + m∞. It is noted that structured para-
metric uncertainties δr and δe are present in radiation and
excitation coeﬃcients, respectively.
In the literature, by approximating the convolutional
terms for calculating the radiation force (4) and excitation
force (6) in state-space form, a higher order state-space
model of the WEC system can be derived and used in the
control design (Zhan and Li, 2018; Yu and Falnes, 1995).
However, the growth of dimension in the model can lead
to explosion of optimal control computational burden.
In this paper, to avoid the problem that comes from the
model inaccuracy and sea wave variation, we present a
hierarchical control algorithm for WECs where an APE is
incorporated into the optimal control implementation. On
the top layer, a recently proposed novel APE method (Na
et al., 2015a) will be extended to estimate the time-varying
coeﬃcients of the radiation force and excitation force.
With the real-time (online) estimation of the radiation and
excitation force coeﬃcients (e.g. δr and δe), on the lower
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layer a recently reported linear noncausal optimal control
(Zhan and Li, 2018) speciﬁcally developed for the WEC
energy output maximization problem is adopted.
3. APE DESIGN OF FORCE GENERATION
COEFFICIENTS
As shown in the above analysis, the uncertainties of WEC
systems mainly come from the terms for calculating the
forces fr and fe, which appear in model (7) with unknown
coeﬃcients Dr(δr) and De(δe). Hence, the objective of
this section is to introduce a new online APE method for
estimating these two parameters based on the measured
system state x2 = z˙v, wave proﬁle w and control action u.
In order to achieve fast estimation convergence that is
preferable for control design, we will further tailor a
recently proposed APE method driven by the parameter
estimation error information reported in (Na et al., 2015a).
Hence, we rewrite the second equation of (7) as
x˙2 = −ks
m
x1 +
1
m
u− Dr
m
x2 +−De
m
w
= F (x, u) + Φ(x,w)Θ(t)
(9)
where F (x, u) = −ksmx1 + 1mu is the known dynamics,
Φ(x,w) = [−x2m ,− wm ] is the regressor and Θ = [Dr, De]T is
the unknown force generation coeﬃcients to be estimated.
Assumption 1. The derivative of unknown time-varying
parameter vector Θ is bounded by
���Θ˙(t)��� ≤ ϖ for a
positive constant ϖ > 0.
To design an adaptive law to online estimate Θ, the
following ﬁltered variables of x2, w, and u are deﬁned
κx˙g + xg = x2, xg(0) = 0, (10a)
κF˙g + Fg = F, Fg(0) = 0, (10b)
κΦ˙g +Φg = Φ,Φg(0) = 0, (10c)
where κ > 0 is a small positive constant determining the
bandwidth of the applied low-pass ﬁlter 1/(κs+ 1).
Now, we have the following results:
Lemma 2. : For system (9) with unknown parameter Θ,
the ﬁlter operations given in (10) are applied, then the
variable β = [(x2 − xg)/k − Fg − ΦgΘ] is bounded and
decreases exponentially for any ﬁnite κ > 0. Moreover, we
know lim
k→0
[(x2−xg)/k−Fg−ΦgΘ] = 0. Hence, the manifold
β = 0 is an invariant manifold.
Proof : By applying a low-pass ﬁlter 1/(κs + 1) on both
sides of the second equation of (9), then we can have
s
κs+ 1
[x] =
1
κs+ 1
[F ] +
1
κs+ 1
[ΦΘ] (11)
Consider the ﬁrst equation of (10) (that is x˙g = (x2 −
xg)/κ) and Swapping Lemma Sun and Sun (1995), one
can represent (11) as
x˙g =
x2 − xg
κ
= Fg(x, u) + Φg(x,w)Θ(t)− κ
κs+ 1
[ΦgΘ˙]
(12)
Since Φ(·) is a smooth function of bounded variables x,w,
then Φgis bounded, i.e., ∥Φg∥ ≤ µ for a positive constant
µ. Moreover, it is assumed that
���Θ˙(t)��� ≤ ϖ, so that for
any ﬁnite k > 0, the term ζ = kks+1 [Φf Θ˙] is bounded (i.e.,
∥ζ∥ ≤ γ for a positive constant γ). Speciﬁcally, we know
that lim
k→0
ζ = 0. Hence, ζ can be considered as a bounded
disturbance perturbing the ideal manifold deﬁned by β.
Hence, we can verify from (12) and (10) that
β˙ = − 1
κ
β − ζ˙. (13)
where ζ˙ is also bounded as stated above.
Now, we choose a Lyapunov function as Vβ =
1
2β
Tβ, then
its derivative can be calculated along (13) as
V˙β =
1
κ
βTβ − βT ζ˙ = 1
κ
Vβ +
κ
2
ϱ2, (14)
where ϱ = ζ˙2 denotes the bound of ζ˙. This further
implies that Vβ(t) ≤ e− tκV β(0) + κ22 ϱ2 and thus ∥β(t)∥ ≤√
β2(0)e−
t
κ + κ2ϱ2. This implies exponential convergence
of β(t) to zero for κ → 0, i.e., lim
k→0
[(x2 − xg)/k − Fg −
ΦgΘ] = 0. Thus the manifold β = 0 is invariant. This
completes the proof. 
It is shown in Lemma 1 that the manifold variable β =
[(x2 − xg)/k − Fg − ΦgΘ] provides a reformulation of the
information of the unknown parameter Θ based on the
available variables (x2, xg, Fg,Φg). Hence, it can be used
to design an adaptive law to online update the estimation
Θˆ of unknown parameters Θ.
We deﬁne intermediate variables M and N as M˙ = −ℓM +Φ
T
g Φg, M(0) = 0
N˙ = −ℓN +ΦTg
[
(x2 − xg)
κ
− Fg
]
, N(0) = 0
(15)
where ℓ > 0 is another design parameter used to guarantee
the boundedness of the induced varaible M,N .
Then, two vectors W1 and W2 can be calculated by
W1 =MΘˆ(t)−N (16)
W2 = Φ
T
f Φf Θˆ(t)− ΦTf [(x− xf )/k − yf ] (17)
where Θˆ(t) is the estimate of unknown parameter Θ.
Thus, the estimated parameter vector Θ can be updated
by the following adaptive law
˙ˆ
Θ = −Γ(W1 + ιW2) (18)
where Γ > 0 is the learning gain, which can be set as a
diagonal matrix, and ι > 0 is a positive constant.
Before we prove the convergence of the proposed adaptive
law (18), the following lemma is given
Lemma 3. (Na et al., 2015a): If the regressor vector Φ
is persistently excited (PE), the matrix M (t) is positive
deﬁnite, and λmin (M) > σ1 > 0) holds for a positive
constant σ1.
We refer to (Na et al., 2015a) for the proof of above lemma.
Now, the convergence of the APE (18) is given as
Theorem 4. : For system (9) with unknown parameter Θ,
the adaptive law (18) is used with the regressor matrix Φ
being PE, then the estimation error Θ˜ converges to a small
set around zero.
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Proof : We ﬁrst solve the matrix equation (15), and then
consider (11), (16) and (17)), then it follows
W1 = −MΘ˜ + ψ (19)
W2 = −ΦTf Φf Θ˜ + ΦTf ζ (20)
where Θ˜ = Θ−Θˆ, ψ = ∫ t
0
e−ℓ(t−r)ΦTf (r)ζ(r)dr is the resid-
ual error bounded by ∥ψ∥ = ∫ t
0
e−ℓ(t−r)ΦTf (r)ζ(r)dr ≤
∥Φf∥ ∥ζ∥ /ℓ = µγ/ℓ.
We choose a Lyapunov function as V = Θ˜TΓ−1Θ˜/2,
and then calculate its derivative along (19) and (19) by
using Young’s inequality aT b ≤ aT a/2m+mbT b/2 for any
constant m > 0, such that
V˙ = −Θ˜TP Θ˜ + Θ˜Tψ − ιΘ˜TΦTf Φf Θ˜ + ιΘ˜TΦTf ζ + Θ˜TΓ−1Θ˙
≤ −(σ1 − 3
2m
)
���Θ˜���2 + mµ2γ2
2ℓ2
+
mµ2γ2ι2
2
+
mϖ2
2λ2min(Γ)
≤ −αV + ρ
(21)
where α = 2(σ1 − 3/2m)/λmax(Γ−1), ρ = mµ2γ2(ι2 +
1/ℓ2)/2+mϖ2/2λ2min(Γ) are all positive constants for any
design parameter m ≥ 3/2σ1. Then, from (21), one can
obtain that V (t) ≤ e−αtV (0)+ ρ/α holds. Θ˜ will converge
to a small set around zero, whose size depends on the
excitation level (e.g. σ1), the residual error γ and the
adaptive gain Γ. 
Remark 5. According to (19) and (20), the introduced
variables W1,W2 are the functions of the estimation error
Θ˜. Hence, they can be used to drive the adaptive law
to achieve better estimation convergence performance. In
particular, W2 given in (17) contains the instant error
information, in comparison to W1 in (16) that introduces
an ’average’ eﬀect by means of the ﬁlter 1/(s+ ℓ) in (15).
Thus, the use of the instant error W2 is important to
estimate fast time-varying parameters compared to the
algorithm suggested in (Na et al., 2015a) for constant
parameters.
Remark 6. If the parameter Θ to be estimated is constant,
we know Θ˙ = 0, and thus the residual error ζ = ψ = 0 and
ρ = 0 in (21) are true. In this case, the estimation error Θ˜
will exponential converge to zero.
4. LINEAR NONCAUSAL OPTIMAL CONTROL
Based on the on estimated excitation coeﬃcients De and
radiation coeﬃcient Dr, in this section, we will adopt
a recently developed linear noncausal optimal control
(LOC) strategy to maximise the energy conversion eﬃ-
ciency (Zhan and Li, 2018), which explicitly uses the wave
prediction information provided by the wave prediction
device. To design the noncausal LOC, we discretize the
system (7) using the sampling time Ts into{
x(k + 1) = Adx(k) +Budu(k) +Bwdw(k)
z(k) = Czx(k)
(22)
Since the noncausal LOC can not explicitly cope with hard
constraints, we construct the following cost function to
penalize heave displacement z(k) and control input u(k)
to avoid constraints violations
Np−1∑
k=0
(1/2)xT (k)Qx(k) + u(k)z(k) + (1/2)ru2(k) (23)
Here
(1) (1/2)xT (k)Qx(k) is used to peneralize heave displace-
ment z(k) to prevent state constraint violation.
(2) −u(k)z(k) represents the energy that can be captured
by the WEC mechanism.
(3) (1/2)ru2(k) can be considered as a soft constraints
for control input. The weight r also inﬂuences the
stability of the system.
(4) Np is the wave prediction horizon as well as the
control horizon. The relationship between the control
horizon T and Np can be established by T = NpTs.
The adopted noncausal LOC problem of discrete time
system (22) with objective function (23) for WECs is given
by (Zhan and Li, 2018)
uk = Kx,kxk +Kw,kwk +Ks,ksk+1 (24a)
where
Kx,k = − (r +BTudVk+1Bud)−1(Cz +BTudVk+1Ad)
(24b)
Kw,k = − (r +BTudVk+1Bud)−1BTudVk+1Bwd (24c)
Ks,k = − (r +BTudVk+1Bud)−1BTud (24d)
and Vk and rk+1 can be calculated though the backward
iterations
Vk = Q+A
T
d Vk+1Ad − (Cz +BTudVk+1Ad)T (r (25a)
+BTudVk+1Bud)
−1(Cz +BTudVk+1Ad)
sk = (Ad +BudKx,k)
T (Vk+1Bwdwk + sk+1) (25b)
with the boundary conditions VNp = 0, sNp = 0.
The detailed analysis of this new LOC is omitted due to
the page limit. For those interested readers, we refer to
(Zhan and Li, 2018) for more details.
The proposed optimal control consists of the following
three parts:
• the linear state feedback part Kx,kxk depending on
the current system state.
• the feedforward part Kw,kwk depending on the cur-
rent wave measurement.
• the anti-causal part Ks,ksk+1, where sk+1 depends
only on the future wave information provided by some
wave prediction technique.
The calculation of the optimal controller (24) can be
implemented by computing though the backward iteration
of (25a) for the gains Kx,k, Kw,k and Ks,k then followed
by another backward iteration (25a) for sk incorporating
the wave prediction information. The online backward
recursion result s1 can be viewed as the accumulation
of the impact from the incoming wave prediction on the
optimal control action (Zhan and Li, 2018).
5. SIMULATIONS
In this section, we use the point absorber described in
Section 2 as an example to show the eﬃcacy of the
proposed adaptive optimal control. The WEC model and
controller model are chosen in the following cases.
Case 1 - No model mismatch : Both of the WEC model
and controller model are with the state-space matrices as
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Proof : We ﬁrst solve the matrix equation (15), and then
consider (11), (16) and (17)), then it follows
W1 = −MΘ˜ + ψ (19)
W2 = −ΦTf Φf Θ˜ + ΦTf ζ (20)
where Θ˜ = Θ−Θˆ, ψ = ∫ t
0
e−ℓ(t−r)ΦTf (r)ζ(r)dr is the resid-
ual error bounded by ∥ψ∥ = ∫ t
0
e−ℓ(t−r)ΦTf (r)ζ(r)dr ≤
∥Φf∥ ∥ζ∥ /ℓ = µγ/ℓ.
We choose a Lyapunov function as V = Θ˜TΓ−1Θ˜/2,
and then calculate its derivative along (19) and (19) by
using Young’s inequality aT b ≤ aT a/2m+mbT b/2 for any
constant m > 0, such that
V˙ = −Θ˜TP Θ˜ + Θ˜Tψ − ιΘ˜TΦTf Φf Θ˜ + ιΘ˜TΦTf ζ + Θ˜TΓ−1Θ˙
≤ −(σ1 − 3
2m
)
���Θ˜���2 + mµ2γ2
2ℓ2
+
mµ2γ2ι2
2
+
mϖ2
2λ2min(Γ)
≤ −αV + ρ
(21)
where α = 2(σ1 − 3/2m)/λmax(Γ−1), ρ = mµ2γ2(ι2 +
1/ℓ2)/2+mϖ2/2λ2min(Γ) are all positive constants for any
design parameter m ≥ 3/2σ1. Then, from (21), one can
obtain that V (t) ≤ e−αtV (0)+ ρ/α holds. Θ˜ will converge
to a small set around zero, whose size depends on the
excitation level (e.g. σ1), the residual error γ and the
adaptive gain Γ. 
Remark 5. According to (19) and (20), the introduced
variables W1,W2 are the functions of the estimation error
Θ˜. Hence, they can be used to drive the adaptive law
to achieve better estimation convergence performance. In
particular, W2 given in (17) contains the instant error
information, in comparison to W1 in (16) that introduces
an ’average’ eﬀect by means of the ﬁlter 1/(s+ ℓ) in (15).
Thus, the use of the instant error W2 is important to
estimate fast time-varying parameters compared to the
algorithm suggested in (Na et al., 2015a) for constant
parameters.
Remark 6. If the parameter Θ to be estimated is constant,
we know Θ˙ = 0, and thus the residual error ζ = ψ = 0 and
ρ = 0 in (21) are true. In this case, the estimation error Θ˜
will exponential converge to zero.
4. LINEAR NONCAUSAL OPTIMAL CONTROL
Based on the on estimated excitation coeﬃcients De and
radiation coeﬃcient Dr, in this section, we will adopt
a recently developed linear noncausal optimal control
(LOC) strategy to maximise the energy conversion eﬃ-
ciency (Zhan and Li, 2018), which explicitly uses the wave
prediction information provided by the wave prediction
device. To design the noncausal LOC, we discretize the
system (7) using the sampling time Ts into{
x(k + 1) = Adx(k) +Budu(k) +Bwdw(k)
z(k) = Czx(k)
(22)
Since the noncausal LOC can not explicitly cope with hard
constraints, we construct the following cost function to
penalize heave displacement z(k) and control input u(k)
to avoid constraints violations
Np−1∑
k=0
(1/2)xT (k)Qx(k) + u(k)z(k) + (1/2)ru2(k) (23)
Here
(1) (1/2)xT (k)Qx(k) is used to peneralize heave displace-
ment z(k) to prevent state constraint violation.
(2) −u(k)z(k) represents the energy that can be captured
by the WEC mechanism.
(3) (1/2)ru2(k) can be considered as a soft constraints
for control input. The weight r also inﬂuences the
stability of the system.
(4) Np is the wave prediction horizon as well as the
control horizon. The relationship between the control
horizon T and Np can be established by T = NpTs.
The adopted noncausal LOC problem of discrete time
system (22) with objective function (23) for WECs is given
by (Zhan and Li, 2018)
uk = Kx,kxk +Kw,kwk +Ks,ksk+1 (24a)
where
Kx,k = − (r +BTudVk+1Bud)−1(Cz +BTudVk+1Ad)
(24b)
Kw,k = − (r +BTudVk+1Bud)−1BTudVk+1Bwd (24c)
Ks,k = − (r +BTudVk+1Bud)−1BTud (24d)
and Vk and rk+1 can be calculated though the backward
iterations
Vk = Q+A
T
d Vk+1Ad − (Cz +BTudVk+1Ad)T (r (25a)
+BTudVk+1Bud)
−1(Cz +BTudVk+1Ad)
sk = (Ad +BudKx,k)
T (Vk+1Bwdwk + sk+1) (25b)
with the boundary conditions VNp = 0, sNp = 0.
The detailed analysis of this new LOC is omitted due to
the page limit. For those interested readers, we refer to
(Zhan and Li, 2018) for more details.
The proposed optimal control consists of the following
three parts:
• the linear state feedback part Kx,kxk depending on
the current system state.
• the feedforward part Kw,kwk depending on the cur-
rent wave measurement.
• the anti-causal part Ks,ksk+1, where sk+1 depends
only on the future wave information provided by some
wave prediction technique.
The calculation of the optimal controller (24) can be
implemented by computing though the backward iteration
of (25a) for the gains Kx,k, Kw,k and Ks,k then followed
by another backward iteration (25a) for sk incorporating
the wave prediction information. The online backward
recursion result s1 can be viewed as the accumulation
of the impact from the incoming wave prediction on the
optimal control action (Zhan and Li, 2018).
5. SIMULATIONS
In this section, we use the point absorber described in
Section 2 as an example to show the eﬃcacy of the
proposed adaptive optimal control. The WEC model and
controller model are chosen in the following cases.
Case 1 - No model mismatch : Both of the WEC model
and controller model are with the state-space matrices as
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(8) and the same coeﬃcients as ks = 3.8658 × 103 N/m,
m = 325.5 kg, Dr = 400 Ns/m, and De = 2660 Ns/m.
Case 2 - With parametric uncertainties: Both of the WEC
model and controller model with the state-space matrices
as (8). The controller model damping terms are changed to
Dr = 200 Ns/m, and De = 2000 Ns/m, which represents
parametric uncertainties.
To validate the convergence of the proposed APE, and
show the eﬃcacy of LOC with APE, the following three
scenarios are compared:
1) No model mismatch: Modeling Case 1 and the APE
is not necessary.
2) Without APE: Modeling Case 2 and no APE is used.
3) With APE: Modeling Case 2 and the APE is used.
The weights of the LOC cost function are tuned as Q =
diag(4 × 103, 0), r = 2 × 10−4 to tradeoﬀ the constraints
on the output x1 and control action u, and the generated
energy. The other parameters used for the APE are set as
κ = 0.08, ℓ = 1, Γ = diag(5500, 5000), ι = 50.
A segment of realistic sea wave heave proﬁle for a period of
50 s, gathered oﬀ the coast of Cornwall, UK, is used in the
simulations. The magnitude of this wave proﬁle as shown
in Fig. 2 is small and its maximum heave magnitude is less
than 2 m. Figs. 3-4 provide the proﬁles of the proposed
AEP. Fig. 3 shows that the assumed correct damping
terms Dr = 400 Ns/m, and De = 2660 Ns/m associated
with the radiation force and wave excitation force can be
precisely estimated after a short transient time within 15
seconds. With these estimated coeﬃcients, the radiation
force fr and excitation force fe can be estimated as shown
in Fig. 4. Hence, these correctly estimated coeﬃcients can
help to improve the overall control response. One can ﬁnd
from Figs. 5-6 that with the selected control parameters
(e.g. r,Q), there are no signiﬁcant diﬀerences between
the results in scenario 1) and scenario 3) in terms of
state trajectories, the required control actions (Fig. 5) and
the generated power (Fig. 6). In particular, the extracted
energy of Case 3) (2.9437 × 104 J with APE) is almost
the same as that of Case 1) (2.9438 × 104 J no model
mismatch). However, for the scenario 2) when the APE
is not used, the extracted energy is reduced to 2.8051 ×
104 J as shown in Fig. 6. These results demonstrate the
robustness of the proposed control framework combining
the APE and LOC under the model mismatch.
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Figure 2. 50 s of wave proﬁle used for Simulation.
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Figure 3. Estimation of the radiation force coeﬃcient Dr
and excitation force coeﬃcientDe.
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Figure 4. Estimation of radiation and excitation forces.
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Figure 5. Trajectories of states and control inputs for 3
cases: 1) No model mismatch, 2) with model mismatch
and no APE, 3) with model mismatch and APE.
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Figure 6. Energy outputs for 3 cases: 1) No model mis-
match, 2) with model mismatch and no APE, 3) with
model mismatch and APE.
6. CONCLUSION
A new hierarchical adaptive optimal control framework is
proposed for WECs by combining an adaptive parameter
estimation and a linear optimal control. A new adaptive
law with fast and guaranteed convergence is developed
based on a benchmark second-order WEC to estimate
the unknown damping terms associated with excitation
force and radiation force. Then the estimated damping
coeﬃcients are incorporated into a linear noncausal opti-
mal control speciﬁcally developed for WEC control. Thus
the proposed framework combines the strength of optimal
control for generating maximum energy output and APE
in coping with model parameter variations. Simulations
clearly demonstrate the eﬃcacy of the proposed adaptive
optimal control method.
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